We show that the Josephson plasma frequency for a condensate in a double-well potential, whose dynamics is described by the Gross-Pitaevskii (GP) equation, can be obtained with great precision by means of the usual Bogoliubov approach, whereas the two-mode model -commonly constructed by means of a linear combinations of the low-lying states of the GP equation -generally provides accurate results only for weak interactions. A proper two-mode model in terms of the Bogoliubov functions is also discussed, revealing that in general a two-mode approach is formally justified only for not too large interactions, even in the limit of very small amplitude oscillations. Here we consider specifically the case of a one-dimensional system, but the results are expected to be valid in arbitrary dimensions.
I. INTRODUCTION
The Josephson effect [1] is a clear manifestation of the macroscopic quantum coherence existing between twoweakly coupled superfluids/superconductors. Since its discovery, it has been investigated in a wide variety of physical systems including superconductors [2] , superfluid Helium [3] [4] [5] [6] and more recently trapped cold atoms [7, 8] and exciton-polaritons in microcavities [9] . Besides offering a wealth of accessible experimental parameters, such as interactions and particle statistics, ultracold quantum gases can be easily manipulated by means of magnetic and optical potentials. In such systems, a single Josephson junction can be implemented starting from an atomic Bose Einstein condensate (BEC) confined in a double well potential, as originally proposed in Ref. [10] . Over the years, many authors have investigated this paradigmatic model, addressing the non trivial effect of interactions both from the theoretical [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] and experimental side [7, 8, [24] [25] [26] [27] , also extending its study to fermionic superfluid atomic samples [28] [29] [30] [31] . In addition, also the effects of thermally induced phase fluctuations [32] and of dissipation have been investigated [33] .
Within the formalism of the Gross-Pitaevskii (GP) equation for BECs, Josephson plasma oscillations are tipically described by means of a two-mode model [13, 34] , where the two-modes φ L,R are usually taken either as the interacting ground state of the isolated traps corresponding to the left and right wells with N/2 particles [13, 14, 16] , or as a linear combination of the lowest and first-excited solutions of the GP equation for the whole system [15, 19, 22, [34] [35] [36] [37] [38] . Though these approaches may be good approximations in some cases, in general they are not rigorous, as the first implies an ideal decoupling of the two wells (that are instead linked), and the second implicitly makes use of the superposition principle, that in general is not valid in the presence of nonlinearity. In particular, since the Josephson plasma frequency ω J is defined in the limit of small amplitude oscillations, it is not justified to construct the left and right modes φ L,R by making use of the first-excited solutions of the GP equation with order N particles, as only a small fraction of the total number of particles is expected to populate the excited state in that limit. In other words, each mode function (and hence the eigenfrequencies) of the GP equation depends on the number of particles in that mode and so a barely excited mode is a different object from a fully excited state. Then, in general one may expect the usual two-mode model to provide accurate predictions for ω J when the interaction energy does not exceed the kinetic energy (Rabi regime [39] ), but not necessarily in the opposite limit, namely in the proper Josephson regime. Indeed, the fact that the two-mode model can be inaccurate in reproducing the correct value of ω J has already been pointed out by some authors [19, 23, 31, 40] .
In the present paper, motivated by the recent experiment [31] that has explored the Josephson plasma oscillations for molecular BECs with large interactions, we present a systematic analysis of the solutions of the GP equation by means of a two-mode Bogoliubov approach, finding an excellent agreement for any value of the interactions. This approach is justified by the fact that the Bogoliubov theory correctly describes the GP dynamics in case of small oscillations around the ground-state solution [41] . In fact, the relevance of the Bogoliubov theory in describing the physics of the Josephson effect has been already discussed by a number of authors [36, 40, 42, 43] . In particular, in [43] the Bogoliubov approach was used to calculate the Josephson current between two weakly interacting BECs that are spatially separated by a tunnel barrier. In [42] the authors demonstrated that the quanta of the two-mode Josephson Hamiltonian
2 ) are in fact the Bogoliubov excitations of the same Hamiltonian. In Ref. [36] it was considered a weakly interacting BEC in a box-shaped double-well potential, and it was showed, by varying the barrier height, that the crossover from the dipole mode to the Josephson plasma mode occurs in the lowest energy excitation of the Bogoliubov spectrum. In that paper the Bogoliubov frequency for the first excited mode was found to be in agreement with that calculated with the usual prescription in terms of a linear combination of the lowest and first-excited solutions of the Gross-Pitaevskii equation [15, 19, [34] [35] [36] [37] [38] . In [40] , a different approach -based on an approximation of the Bogoliubov theory -was proposed: the φ L,R are constructed from a linear combination of the groundstate solution ψ 0 , and the first excited state ψ 1 of the GP equation with the mean field term generated by ψ 0 . The effects of higher modes have also been considered [22, 44] .
Our work present a systematic comparison of the results directly obtained by solving the GP equation with the ones obtained by using the Bogoliubov approach or a standard two-mode model. This analysis reveals that the usual approach for constructing the two-mode basis functions [15, 19, [34] [35] [36] [37] [38] , rapidly becomes inaccurate [23] as the interactions are increased. Moreover, we show that a proper two-mode model for describing the Josephson plasma oscillations, constructed by means of the Bogoliubov approach, reveals that in general the two-mode approach is formally justified only for weak interactions, and that by increasing interactions it eventually breaks down, even in the limit of very small amplitude oscillations. Here we consider specifically the case of a onedimensional system, but the results are expected to be valid in arbitrary dimensions.
The outline of the paper is the following: in Sec. II we introduce the GP model we shall use throughout this work, along with the usual two-mode model considered in the literature (Sec. II A) and the standard Bogoliubov formalism (Sec. II B) for describing the dynamics of excitations in the linear regime. Consistently with the two-mode picture, only the ground state and the first excited Bogoliubov modes are considered here. Then, in Sec. III we present a systematic comparison between the numerical solution of the GP equation and the two approaches just mentioned above. In particular, we show that the oscillation frequency obtained from the Bogoliubov approach perfectly matches the GP result, whereas the two-mode model generally fails in reproducing the correct results. Also, in Sec. II A we discuss whether the Bogoliubov theory justifies the formulation of the problem in terms of a two left and right modes, finding that it cannot be formally justified for arbitrary interactions. Finally, conclusions are drawn in Sec. V.
II. MODEL
Let us consider a (quasi) one-dimensional condensate of N particles with mass m confined in a double well potential V dw (x),
(w < 4V 0 /(mω 2 )) whose dynamics is described by the following Gross-Pitaevskii equation
and u 0 = gN , g being the one-dimensional interaction strength, and the condensate wave function being normalized to unity, dx |ψ(x)| 2 = 1. The above equation can be conveniently written in dimensionless form, for example by expressing all the quantities in oscillator units (e.g. energies in units of ω x , lengths in units of
x . For simplicity, in the following the tilde will be omitted.
A. Two-mode model
The two-mode approximation -that here we review for the sake of clarity, and for fixing the notations -consists in assuming that the condensate wave function can be written as
where the functions ψ L,R are localized in the left and right well, have unit norm, and are orthogonal ( ψ L |ψ R = 0). Then the GP equation (4) can be transformed into a set of equations for the two coefficients c α (t) (α = L, R). By inserting (5) in (4), left multiplying by ψ L , integrating over space, and retaining all possible terms [19] , one gets
where we have defined
Similarly, the equation for c R is obtained by exchanging L with R in the former expression. Then, by defining
and
with N L + N R = 1 [45] , one eventually gets
In the limit of small oscillations, z ≪ 1, φ ≪ 1, the above equations reduce to
corresponding to harmonic oscillations of the population imbalance z with frequency
In the following, this approach will be referred to as the full two-mode (fTM) model. Instead, the usual twomode approximation which neglects the terms U αααβ and U ααββ consists in taking
which, for small values of 2K gives ω
, with E J = KN , and E c = 2U αααα /N . Instead, for vanishing interactions (U αααα = 0), Eq. (15) gives ω noint J = 2K/ , corresponding to the energy difference between the first excited state and the ground state of the linear Schrödinger equation.
With these notations, the Rabi regime is characterized by 2U αααα /K ≪ 1, whereas the Josephson regime holds in the opposite case, 2U αααα /K ≫ 1 [46] . We notice that in general one can define an additional Fock regime dominated by quantum fluctuations, for 2U αααα /K ≫ N 2 [39] , that is obviously beyond the scope of any meanfield theory, as it is the present case.
B. Bogoliubov approach
Instead of the ansatz (5), in the limit of small oscillations (linear regime) one can simply use the standard Bogoliubov approach, namely (µ is the condensate chemical potential)
that, by definingL
corresponds to the following set of equations for the fluctuations δψ
Then, by expanding the column vector (δψ, δψ * ) in terms of eigenmodes ofL B (Bogoliubov modes) as
one gets
Consistently with the hypothesis (5), let's now assume that only the lowest Bogoliubov mode, with energy ε = ω B , is actually populated
with
in the representation where the u and v functions are orthogonal to ψ 0 [47] [48] [49] , and Ψ 0 (x) being the initial wave function (that we assume to be real). We recall that u, and v obey to the standard normalization condition dx |u(x)| 2 − |v(x)| 2 = 1 [41] . We also assume |c(t)| 2 = |c 0 | 2 ≪ 1, corresponding to the fact that in the limit of small oscillations, only a small fraction of the total particles occupy the excited state. Then, we can write
where, for symmetry reasons, both functions u(x) and v(x) are antisymmetric (see later on), and can be chosen real, without loss of generality. The total density of particles is therefore
where we have discarded terms of order c 2 0 . The expression for n(x) is a linear combination of a symmetric and an antisymmetric term (respectively the first and the second term), describing an oscillation of the particle occupation of the left and right well, with frequency ω B . In fact, by integrating the former expression over the positive or negative x semi-axis, and taking into account the symmetries of the problem we can write
where
so the population imbalance, defined as z = ( (12)), oscillates as
We remark that this results follows rather straightforwardly from the Bogoliubov expansion and the symmetries of the system. In the following section we shall see that the Bogoliubov approach indeed describes very accurately the Josephson plasma oscillations in the linear regime (small amplitude oscillations).
III. NUMERICAL RESULTS
In this section we compare the predictions of Eq. (14), (15) by varying the interaction parameter u 0 . For illustration purposes, here we choose w = 0.3 and V 0 = 50 (unless otherwise stated), that correspond to a double well configuration, within reach of current experiments (see e.g. [31] ). Nevertheless, we remark that the general results of the following analysis are independent of these specific values. As for the interaction strength u 0 , that is the only free parameter left (see Eq. (4)), we vary it in the range [1, 400] in order to cover a wide spectrum of the Josephson regime (see later on). This choice corresponds to an intermediate interacting regime, where the applicability of the GP theory is well justified [50] . For example, for a typical case of an elongated condensate of 10 4 87 Rb atoms with trapping frequency f r = 100 Hz (radial), f z = 10 Hz (axial) (where the use of an effective onedimensional approach can be appropriate and the meanfield GP equation has been tested in a wide range of experiments), the value of the reduced 1d coupling constant is u 0 = g 3D /(3πa 2 r ) = 3 · 10 2 , a r = /(m2πf r ) being the radial oscillator length, (u 0 = 3 · 10 3 for f r = 1 kHz). The same considerations apply also in the presence of a barrier, as Josephson oscillations are essentially long-wavelength "classical" excitations that can be well described by the GP theory, even in the Thomas-Fermi regime (see e.g. [11, 14, 31] ).
We prepare the initial state as the ground state ψ 0 (x) of the double well potential, and we compute the corresponding Bogoliubov spectrum, for different values of the interaction constant u 0 [51] . Then, at time t = 0 we trigger the dynamics by suddenly displacing the potential by a (small) fixed distance δx = 0.002, in order to guarantee that the system remains in the linear regime (harmonic oscillations) in the whole range of interactions considered here. This corresponds to an initial population imbalance z 0 of the order of 0.1%. In Fig. 1 we show the first oscillations of the population imbalance z(t) as obtained from the GP equation (points), along with the harmonic oscillation with frequencies ω , and ω B (for the same initial imbalance), corresponding to the predictions of the various approaches discussed in the previous section (see Eqs. (14), (15) , and (29), respectively), for u 0 = 16 (µ/V 0 = 0.1). This figure shows that the predic- (14), (15), and the Bogoliubov frequency ωB), compared with the results of the GP equation (points), as a function of u0, for V0 = 50.
The upper x-axis shows the corresponding value of of µ/V0 (that is a monotonic increasing function of u0). tion of the Bogoliubov approach perfectly fits with the GP solution, whereas the usual two-mode model deviates significantly, regardless of the approximation used. In order to provide a comprehensive overview of the behavior of the system as a function of the interaction, in Fig. 2 and 3 we plot the Josephson frequency as obtained from the different approaches discussed in the text, compared with the results of the GP equation (points), for increasing interactions. The latter is obtained by fitting the oscillations of z(t) with a function f z (t) ≡ A cos(ωt), with A and ω as fitting parameters. In Fig. 2 we keep the barrier intensity fixed to V 0 = 50, and we vary the interaction parameter u 0 (that, in this case, corresponds to 3 · 10 2 2U αααα /K 3 · 10 5 , deeply in the Josephson regime). For convenience, we also show the values of the ratio µ/V 0 (upper x-axis), that is a monotonic increasing function of u 0 . In this case, the failure of the two-mode approach for relatively large values of u 0 can be attributed both to the fact that the increase of the interactions makes the use of the first-excited solution of the GP equation more and more inaccurate, and also because the system eventually exits the weak coupling regime, as the tunneling increases with µ/V 0 . Then, in order to focus on the former mechanism, in Fig. 3 we show the same quantities, again as a function of u 0 , but at a fixed ratio µ/V 0 = 0.25 (V 0 here is varied along with u 0 , in order to keep the ratio µ/V 0 fixed). In this case the first point in the graph lies close to the boundary between Rabi and Josephson regimes, but then the system rapidly enters the Josephson regime (5 2U αααα /K 5 · 10 6 ). These figures show that the Bogoliubov frequency perfectly matches the frequency extracted from the GP equation in all the range of interactions considered here, whereas the usual two-mode model is reliable only for small values of u 0 , reflecting the fact that a proper treatment of small amplitude oscillations in an interacting system requires the use of the Bogoliubov approach, as expected.
IV. TWO-MODE MODEL A LA BOGOLIUBOV
In this section we shall discuss whether the Bogoliubov frequency ω B shown in Figs. 2 and 3 can be related to a two-mode model with the left and right basis functions defined by means of the functions entering the Bogoliubov expansion. We anticipate that this is so only for not too large interactions, where the shape of the u and v functions still resemble that of the ground state φ 0 . Conversely, as u 0 is increased, the interactions distinctively affect the shape of the u and v functions in the tail region (see later on), so that the three functions entering the Bogoliubov expansion in Eqs. (16) , (22) cannot be rewritten in terms of just two basis functions.
Let us start by recalling that in the noninteracting limit the v components of the solutions with positive energy (positive norm [49] ) are vanishing, so that the standard decomposition in terms of the ground state ψ 0 and the first excited state u,
yields a good basis of functions localized in the left and right well. Essentially, this decomposition is possible when the portion of each function to be decomposed has the same shape of the basis functions φ L,R , modulo a scale factor. Notice also that in general one has φ L (x) = φ R (−x), owing to the symmetries of the problem.
When interactions are present, the expression in Eq. (25) contains three functions -namely ψ 0 , u, and v -and in general it is not obvious that such an expression can be projected onto a basis of left and right functions, as the shape of the three functions may be affected differently by the interactions. In particular we shall see that for large interactions, though v(x) ≃ −u(x), their shape can be quite different from that of ψ 0 . However, we notice that for not too large interaction the expression in Eq. (30) still yields a good basis of functions localized in the left and right well, provided that we change the normalization of the Bogoliubov func-
. This is shown in Fig.  4a , where we plot the ground state wave function ψ 0 (x), the Bogoliubov functionsũ(x) andṽ(x), and the left and right basis functions φ L,R , along with the double well potential, for u 0 = 16. In this regime, Eq. (30) should be used along with the following expression forṽ,
Then, from Eqs. (25) , (30) , and (31) one gets (24)). Then, comparing the previous expression with Eq. (10), one has
so that the total number on each side of the barrier,
where quadratic terms inc 0 have been discarded, consistently with the assumption in Eq. (25) . The previous expression implies that the population imbalance oscillates with frequency ω B , namely
that is exactly the Bogoliubov frequency already shown and compared with the other methods in Figs. 2 and 3 (see also Eq. (29)). Similarly, one can compute the phase difference as (see Eq. (11))
corresponding again to sinusoidal oscillations at the plasma frequency, with a phase shift of π/2 with respect to z(t), as expected for a Josephson plasma oscillation. This approximate picture breaks down for higher values of the interactions, where one may still have v(x) ≃ −u(x), but the combination in Eq. (30) no longer provides functions localized in the left and right well. As anticipated, this is due to the fact that the shape of u and v is quite different from that of ψ 0 . An example is shown in Fig. 4b , obtained for u 0 = 220, where it is evident that the interactions strongly modify the shape of the u and v functions in the tail region, with respect to that of the ground state ψ 0 . Then, if one tries to construct the functions φ L/R according to Eq. (30), they would not be localized in one of two wells (see bottom panel of Fig. 4b) . As a matter of fact, this implies that the three functions entering the Bogoliubov expansion in Eqs. (16) , (22) cannot be rewritten in terms of just two basis functions.
These results show that not only the standard twomode model (in any of its versions) provides inaccurate results in many regimes, but also that in general a twomode approach is formally justified only for not too large interactions.
V. CONCLUSIONS
We have shown that the frequency of the Josephson plasma oscillations for a condensate in a double well (within the Gross-Pitaevskii theory) corresponds to the Bogoliubov frequency of the lowest excited mode, for arbitrary values of the interactions. This contrasts to the prediction of the usual two-mode approach -in terms of linear combinations of the low-lying states of the GrossPitaevskii equation -that is reliable only in the weak link regime, for low values of the interactions. These results have been found by means of a systematic analysis of the Gross-Pitaevskii equation and the Bogoliubov equations as a function of the interactions. They confirm some previous analyses performed at fixed values of the interaction, by different authors [23, 36, 40, 42, 43] . In addition, we have shown that the Bogoliubov approach provides a proper formalism for defining a two-mode model, also revealing that in general the two-mode approach is justified only for weak interactions, and that it eventually breaks down by increasing interactions, even in the limit of very small amplitude oscillations. Though we have considered specifically the case of a one-dimensional system, the general results obtained here are expected to be valid in arbitrary dimensions. Moreover, we expect the analysis in terms of the Bogoliubov modes to be extremely effective also in the nonlinear regime [47, 48] , when the system exits from the plasma oscillations regime. This will be the object of a future work.
